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Abstract
We study the classical and quantum G extended superconformal algebras from the
hamiltonian reduction of affine Lie superalgebras, with even subalgebras G ⊕ sl(2). At
the classical level we obtain generic formulas for the Poisson bracket structure of the
algebra. At the quantum level we get free field (Feigin-Fuchs) representations of the
algebra by using the BRST formalism and the free field realization of the affine Lie
superalgebra. In particular we get the free field representation of the sl(2) ⊕ sp(2N)
extended superconformal algebra from the Lie superalgebra osp(4|2N). We also discuss
the screening operators of the algebra and the structure of singular vectors in the free
field representation.
1 Introduction
The interplay of the world-sheet superconformal symmetry and the target space symmetry
of related supersymmetric non-linear σ models has attracted much attention in relation
to the compactification of superstrings and topological field theories. In particular, the
relation between N = 2 and 4 superconformal algebras and the supersymmetric non-linear
σ models on Calabi-Yau manifolds is well known and has been studied in great detail
[1],[2]. It seems an interesting problem to study a further extension of the superconformal
algebra as well as its geometrical structure, which might have further nontrivial topological
properties.
There are several distinct approaches to the construction of extended superconformal
algebras. Originally, the linear o(N) supersymmetric extension of the Virasoro algebra,
which was introduced by Ademollo et al. [3], was realized as the superconformal transfor-
mation on extended superspace with internal o(N) symmetry. However, this formulation
is valid only for N ≤ 4 due to the appearance of negative conformal weight supercurrents
[3] and the absence of a central extension for N ≥ 5 [4]. A slightly different approach is
to regard linear N = 2, 4 extended superconformal algebras as a symmetry of supersym-
metric non-linear σ models on group manifolds and on a coset space such as a hermitian
symmetric space [5] or the Wolf spaces [6].
Knizhnik and Bershadsky [7] have proposed a non-linear extension of superconformal
algebras with u(N) and so(N) Kac-Moody symmetries by considering the closure and
the associativity of operator product expansions for the currents (the OPE method).
This non-linearity means that these extended superconformal algebras belong to the class
of Zamolodchikov’s W -algebras [8]. It is by now well understood that the W -algebra
associated with a simple Lie algebra can be obtained from the hamiltonian reduction [9]-
[12] of the corresponding affine Lie algebra by considering the constraints on the phase
space of currents using a gauge fixing procedure. Recently various types of extensions
1
of the W -algebra [13]-[17] including their supersymmetric generalization [18]-[20] have
been considered by using the hamiltonian reduction technique. Among them, in refs. [16]
and [17], the u(N) bosonic superconformal algebras have been constructed from a certain
hamiltonian reduction procedure of the affine sl(N + 2) algebra.
In ref. [21], two of the present authors have proposed a procedure for constructing
the classical extended superconformal algebras by the hamiltonian reduction of affine Lie
superalgebras with even Lie subalgebras G⊕ sl(2) (see table 1). Remarkably our classifi-
cation corresponds to that of the reduced holonomy groups of non-symmetric Riemannian
manifolds [22]. We expect that these extended superconformal algebras might correspond
to non-linear σ models with rich geometrical structures such as quaternionic or octonionic
structures. Recently a similar classification based on the OPE method has been proposed
in [23].
The purpose of the present paper is to develop the hamiltonian reduction in the quan-
tum case and to study the representation theory of the extended superconformal algebra
using free fields, which is useful for the analysis of singular vectors and the computation
of correlation functions [24].
This paper is organized as follows: In sect. 2, after we review some basic properties
of affine Lie superalgebras, we discuss the classical hamiltonian reduction for an affine
Lie superalgebra gˆ associated with a Lie superalgebra g which has the even subalgebra
G⊕ sl(2) and we derive the classical G extended superconformal algebra. In sect. 3, by
using the BRST gauge fixing procedure and the Wakimoto realization [25] of the affine Lie
superalgebra, we derive the free field realization of the extended superconformal algebra.
In sect 4, some explicit examples of extended superconformal algebras corresponding to
the non-exceptional Lie superalgebras are given. In sect. 5, we investigate the structure
of screening operators and the null field structure of degenerate representations of the G
extended superconformal algebra.
2
2 The Classical Hamiltonian Reduction
2.1 Affine Lie Superalgebras
We start with explaining some definitions of basic classical Lie superalgebras [26] and
their affine extensions. Let g = g0 ⊕ g1 be a rank n basic classical Lie superalgebra with
an even subalgebra g0 and an odd subspace g1. ∆ = ∆
0 ∪ ∆1 is the set of roots of g,
where ∆0 (∆1) is the set of even (odd) roots. Denote the set of positive even (odd) roots
by ∆0+ (∆
1
+). The superalgebra g has a canonical basis {Eα, eγ, hi} (α ∈ ∆0, γ ∈ ∆1,
i = 1, . . . , n), which satisfies (anti-)commutation relations
[Eα, Eβ] =
 Nα,βEα+β, for α, β, α + β ∈ ∆
0,
2α · h
α2
, for α+ β = 0,
{eγ , eγ′} = Nγ,γ′Eγ+γ′ , for γ, γ′ ∈ ∆1, γ + γ′ ∈ ∆0,
{eγ, e−γ} = γ · h, for γ ∈ ∆1+,
[eγ , Eα] = Nγ,αeγ+α, for α ∈ ∆0, γ,γ + α ∈ ∆1,
[hi, Eα] = α
iEα, [h
i, eγ ] = γ
ieγ . (2.1)
The even subalgebra g0 is generated by {Eα, hi}. The odd subspace g1 is spanned by eγ.
g0 acts on g1 as a faithful representation. The Killing form ( , ) on g is defined by
(Eα, Eβ) =
2
α2
δα+β,0, (eγ , e−γ′) = −(e−γ , eγ′) = δγ,γ′ , (hi, hj) = δij , (2.2)
for α, β ∈ ∆0, γ, γ′ ∈ ∆1+, i, j = 1, . . . , n.
An affine Lie superalgebra gˆ at level k is the (untwisted) central extension of g and
consists of the elements of the form (X(z), x0), where X(z) is a g-valued Laurent poly-
nomial of z ∈ C and x0 is a number [27]. The commutation relation for two elements
(X(z), x0) and (Y (z), y0) is given by
[ (X(z), x0), (Y (z), y0) ] = ( [ X(z), Y (z) ], k
∮
dz
2pii
(X(z), ∂Y (z)) ). (2.3)
The dual space gˆ∗ of gˆ is generated by the current (J(z), a0). Using the Killing form
( , ) on g, we may identify gˆ∗ with gˆ. The inner product 〈 , 〉 of (J(z), a0) ∈ gˆ∗ and
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(X(z), x0) ∈ gˆ is given by
〈 (J, a0), (X, x0) 〉 =
∮
dz
2pii
( J(z), X(z) ) + a0x0. (2.4)
Let us define the coadjoint action ad∗ of gˆ on gˆ∗ by
〈 ad∗(X, x0) (J, a0), (Y, y0) 〉 = −〈 (J, a0), [ (X, x0), (Y, y0) ] 〉. (2.5)
Using (2.3), we get
ad∗(X, x0)(J(z), a0) = ( [ X(z), J(z) ] + ka0∂X(z), 0 ). (2.6)
Namely, the coadjoint action is nothing but the infinitesimal gauge transformation of the
current J(z). Denote this gauge transformation with the gauge parameter Λ(z) as δΛ:
δΛJ(z) = [ Λ(z), J(z) ] + k∂Λ(z), (2.7)
In the following we take the number a0 to be 1. In terms of the canonical basis
J(z) =
∑
α∈∆0
α2
2
Jα(z)Eα +
∑
γ∈∆1
jγ(z)eγ +
n∑
i=1
H i(z)hi. (2.8)
and
Λ(z) =
∑
α∈∆0
εα(z)Eα +
∑
γ∈∆1
ξγ(z)eγ +
n∑
i=1
εi(z)hi, (2.9)
we can express the gauge transformation (2.7) in terms of components:
δΛJα=
∑
β,α−β∈∆0
(α− β)2
α2
Nβ,α−βεβJα−β − 2(α ·H)
α2
εα +
2k
α2
∂εα + (α · ε)Jα
+
∑
γ,α−γ∈∆1
2
α2
Nγ,α−γξγjα−γ ,
δΛjγ =
∑
α∈∆0
γ−α∈∆1
Nα,γ−αεαjγ−α + (γ · ε)jγ +
∑
α∈∆0
γ−α∈∆1
α2
2
Nγ−α,αξγ−αJα − ξγγ ·H + k∂ξγ ,
δΛH
i=
∑
α∈∆0
αiεαJ−α +
∑
γ∈∆1+
γi(ξγj−γ + ξ−γjγ) + k∂εi. (2.10)
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Writing the gauge transformations δΛ as
δΛ =
∮
dz
2pii
(Λ(z), J(z))
=
∮ dz
2pii
∑
α∈∆0
εαJ−α +
∑
γ∈∆1+
(jγξ−γ + ξγj−γ) +
n∑
i=1
εiH i, (2.11)
one can introduce a canonical Poisson structure on the dual space gˆ∗. This Poisson
structure is expressed in the form of the operator product expansions:
Jα(z)Jβ(w) =

Nα,βJα+β(w)
z − w + · · ·, for α, β, α + β ∈ ∆
0,
2k
α2
(z − w)2 +
2α·H(w)
α2
z − w + · · ·, for α + β = 0,
j±γ(z)j±γ′(w) =
N∓γ,∓γ′J±(γ+γ′)(w)
z − w + · · · , for γ, γ
′ ∈ ∆1+, γ + γ′ ∈ ∆0,
jγ(z)j−γ′(w) =

−Nγ′,−γJγ−γ′(w)
z − w + · · ·, for γ, γ
′ ∈ ∆1+, γ − γ′ ∈ ∆0,
−k
(z−w)2 +
−γ·H(w)
z−w + · · · , for γ = γ′ ∈ ∆1+,
Jα(z)jγ(w) =
N−α,γ+αjγ+α(w)
z − w + · · · , for γ ∈ ∆
1, α ∈ ∆0, ,
H i(z)Jα(w) =
αiJα(w)
z − w + · · · , H
i(z)jγ(w) =
γijγ(w)
z − w + · · · .
H i(z)Hj(w) =
kδij
(z − w)2 + · · · . (2.12)
Here we use some identities for the structure constants, which come from the Jacobi
identities:
2Nα,β
(α + β)2
=
2Nβ,−α−β
α2
=
2N−α−β,α
β2
, for α, β ∈ ∆0,
2Nγ,γ′
(γ + γ′)2
= Nγ′,−γ−γ′ = −N−γ−γ′,γ,
2Nγ,−γ′
(γ − γ′)2 = N−γ′,−γ+γ′ = N−γ+γ′,γ, for γ, γ
′ ∈ ∆1+ . (2.13)
In the following we will study a class of Lie superalgebras, which include even algebras of
the form G⊕A1. Using Kac’s notation, these algebras are classified as follows A(n|1) (n ≥
1), A(1, 0) = C(2), B(n|1) (n ≥ 0), B(1|n) (n ≥ 1), D(n|1) (n ≥ 2), D(2|n) (n ≥ 1),
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D(2|1;α), F (4) and G(3) (see table 1). The embedding of A1 in g carried by g1 has spin
1
2
, except for B(1|n). In the case of B(1|n) the embedding has spin one. In the spin 1
2
embedding case, the odd subspace g1 belongs to the spin
1
2
representation with respect
to the even subalgebra A1:
g1 = (g1)+ 1
2
⊕ (g1)− 1
2
. (2.14)
Based on the decomposition (2.14), the odd root space ∆1 can be divided into two parts
∆1 = ∆1+ 1
2
∪∆1− 1
2
, (2.15)
where (g1)± 1
2
is spanned by the generators whose roots belong to ∆1± 1
2
. More explicitly,
the sets ∆1± 1
2
consist of the roots γ ∈ ∆1 satisfying
γ · θ
θ2
= ±1
2
, (2.16)
where θ is the simple root of A1. By choosing appropriate simple roots for g, we can take
the root space ∆1
+ 1
2
as the space of odd positive roots;
∆1+ = ∆
1
+ 1
2
. (2.17)
Moreover we find that the relation
∆1+ 1
2
= ∆1− 1
2
+ θ, (2.18)
holds. We note that each odd space (g1)± 1
2
belongs to a fundamental representation of
G of dimension |∆1+|, this being the number of positive, odd roots. From the explicit
expressions for the root system which is given in appendix A, we will find that the root
system of the even subalgebra of G is expressed in the form of γ − γ′, where γ and γ′
are some positive odd roots. This fact turns out to be essential for the study of the
structure of general G extended superconformal algebras, as will be discussed in the next
subsection.
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2.2 Classical hamiltonian reduction
We consider the hamiltonian reduction of the phase space of the currents gˆ∗ associated
with the Lie superalgebra g with the even subalgebra G⊕A1. Our main idea is to impose
the constraint on the even subalgebra A1 and to keep affine G algebra symmetry. For
A(1, 0), this reduction procedure has been discussed in ref. [18]. We start from the phase
space F of the currents with the constraint
J−θ(z) = 1. (2.19)
Let us consider the gauge group N which preserves the constraint (2.19). Putting −θ for
α in the first formula of eqs. (2.10), we get
δΛJ−θ =
2(θ ·H)
θ2
ε−θ +
2k
θ2
∂ε−θ − (θ · ε)J−θ +
∑
γ∈∆1+
2
θ2
N−γ,−θ+γξ−γj−θ+γ. (2.20)
Here we use the relation (2.18) and Nα,−θ−α = 0 for α ∈ ∆(G). Therefore the condition
which preserves the constraints (2.19) δΛJ−θ = 0 is equivalent to
ε−θ = θ · ε = 0, ξ−γ = 0, for γ ∈ ∆1+. (2.21)
Namely the Lie algebra n of the gauge group N is equal to Ĝ⊕ n1, where Ĝ is the affine
Lie algebra corresponding to the even subalgebra G and n1 is generated by the elements:
Λ(z) = εθ(z)Eθ +
∑
γ∈∆1+
ξγ(z)eγ . (2.22)
Let N1 be the gauge group corresponding to n1. The reduced phase space M is defined
as the quotient space M = F/N1. By the standard gauge fixing procedure, one chooses
one or the other gauge slice as a representative of the reduced phase space. One typical
gauge is the “Drinfeld-Sokolov (DS)”-type gauge [9]:
Jθ(z) = T (z), θ ·H(z) = 0, jγ(z) = Gγ(z), j−γ(z) = 0, (2.23)
for γ ∈ ∆1+. The generic gauge transformation projected on the DS gauge slice becomes
in general the transformation corresponding to the extended Virasoro algebra [9]-[19].
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Hence the final step is to consider the generic gauge transformation preserving the gauge
condition (2.23). In particular
δΛJ−θ =−(θ · ε) + 2k
θ2
∂ε−θ,
δΛ(θ ·H)= θ2εθ − θ2ε−θT + k∂(θ · ε) +
∑
γ∈∆1+
θ · γξ−γGγ , (2.24)
δΛj−γ =N−θ,θ−γε−θGθ−γ +
∑
γ′∈∆1+
γ′−γ∈∆(G)
Nγ,−γ′ξ−γ′Jγ′−γ +Nθ−γ,γξθ−γ + ξ−γ(γ ·H) + k∂ξ−γ ,
for γ ∈ ∆1+. By solving the conditions which preserve the DS-gauge δJ−θ = 0, δ(θ ·H) = 0
and δj−γ = 0, we can express the parameters εθ, θ · ε and ξγ (γ ∈ ∆1+) in terms of the
other parameters, ε−θ, ξ−γ (γ ∈ ∆1+), εα and α · ε (α ∈ ∆(G)):
θ · ε= 2k
θ2
∂ε−θ, εθ = ε−θT − 2k
2
(θ2)2
∂2ε−θ − 1
2
∑
γ∈∆1+
ξ−γGγ, (2.25)
ξθ−γ =
−1
Nθ−γ,γ
{N−θ,θ−γGθ−γε−θ +
∑
γ′∈∆1+
γ−γ′∈∆(G)
Nγ,−γ′ξ−γ′Jγ′−γ + ξ−γ(γ ·H) + k∂ξ−γ},
In the DS gauge, the gauge transformation of Jθ(z) = T (z) becomes
δT =
∑
γ∈∆+
2
θ2
Nγ,θ−γξγGθ−γ + (θ · ε)T + 2k
θ2
∂εθ. (2.26)
From (2.25) we get
δT = − 4k
3
(θ2)3
∂3ε−θ +
2k
θ2
(2T∂ε−θ + ε−θ∂T ) (2.27)
− 1
θ2
∑
γ∈∆1+
{3k∂ξ−γGγ + kξ−γ∂Gγ + 2ξ−γ(γ ·H)Gγ + 2
∑
γ′∈∆1+
γ′−γ∈∆(G)
Nγ,−γ′ξ−γ′GγJγ′−γ}.
With respect to the parameter ε−θ, T (z) behaves as an energy momentum tensor un-
der conformal transformations. The G Kac-Moody currents Jβ and β · H (β ∈ ∆(G))
transform as
δJβ =
∑
α,β−α∈∆(G)
N−α,βεαJβ−α − 2β ·H
β2
εβ +
2k
β2
∂εβ + (β · ε)Jβ +
∑
γ,β−γ∈∆1+
2N−γ,β+γ
β2
ξ−γGβ+γ,
δ(β ·H)= ∑
α∈∆(G)
(β · α)εαJ−α + k∂(β · ε)−
∑
γ∈∆1+
(β · γ)ξ−γGγ. (2.28)
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The gauge transformation of supercurrents Gγ(z) (γ ∈ ∆1+) in the DS gauge is given by
δGγ(z) =
∑
α∈∆(G)
γ−α∈∆1+
Nα,γ−αεαGγ−α + (γ · ε)Gγ (2.29)
− ∑
γ′∈∆1+
γ′−γ∈∆(G)
Nγ′,−γξγ′J−γ′+γ −N−γ,γ−θξγ−θT − ξγ(γ ·H) + k∂ξγ .
By inserting (2.25) into this expression we get the transformation on the reduced phase
space. The parts in (2.29) containing ε−θ, εi and εα (α ∈ ∆(G)) are consistent with (2.27)
and (2.28). The nontrivial gauge transformation is that containing the anticommuting
gauge parameters ξ−γ′, which is denoted by δξGγ . From (2.29) and (2.25), one finds that
this transformation becomes
δξGγ =
−k2
Nγ,θ−γ
∂2ξγ−θ +
∑
γ′∈∆1+
γ′−γ∈∆(G)
2
Nγ′,−γ
Nγ′,θ−γ′
k∂ξγ′−θJγ−γ′ +
2
Nγ,θ−γ
k∂ξγ−θ(γ ·H)
−N−γ,γ−θξγ−θT + kξγ−θ∂(γ ·H)
Nγ,θ−γ
− ξγ−θ(γ ·H)
2
Nγ,θ−γ
+
∑
γ′∈∆1+
−γ′+γ∈∆(G)
Nγ′,−γ
Nγ′,θ−γ′
ξ−θ+γ′k∂Jγ−γ′ +
∑
γ′∈∆1+
γ′−γ∈∆(G)
Nγ′,−γ
Nγ′,θ−γ′
ξγ′−θJ−γ′+γ(γ′ − γ) ·H
+
∑
γ′∈∆1+
γ′−γ∈∆(G)
∑
γ′′∈∆1+
−γ′+γ′′∈∆(G)
Nγ′,−γNθ−γ′,γ′′−θ
Nγ′,θ−γ′
ξ−θ+γ′′Jγ−γ′Jγ′−γ′′ , (2.30)
Here we have used the identities for the structure constants eqs.(2.13), as well as
Nθ−γ,γ′−θ
Nγ,θ−γ
= − Nγ′,−γ
Nγ′,θ−γ′
, (2.31)
for γ, γ′ ∈ ∆1+ in order to simplify the formula. This formula can be checked by using
explicit matrix representations of g [28],[29] in table 1. If we denote the gauge transfor-
mation in the DS-gauge as
δ =
∮ dz
2pii
(Λ(z) , JDS(z)), (2.32)
where
JDS(z) = T (z)Eθ +
∑
γ∈∆1+
Gγ(z)eγ +
∑
α∈∆(G)
Jα(z)Eα +
rank(G)∑
i=1
H ihi, (2.33)
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we get the Poisson bracket structure on the reduced phase space. Here we take hi (i =
1, . . . , rank(G)) as the generators of the Cartan subalgebra of G. After rescaling T˜ = θ
2
2k
T
and G˜γ =
√
Nθ−γ,γ
k
Gγ for γ ∈ ∆1+, these classical Poisson brackets may be written as
follows in the form of formal operator product expansions:
T˜ (z)T˜ (w) =
−6k
θ2
(z − w)4 +
2T˜ (w)
(z − w)2 +
∂T˜ (w)
z − w + · · · ,
T˜ (z)G˜γ(w) =
3
2
G˜γ(w)
(z − w)2 +
∂G˜γ(w)
z − w
−
1
k
{(γ ·H)G˜γ +∑ γ′∈∆1+
γ−γ′∈∆(G)
Nγ,−γ′G˜γ′Jγ−γ′(w)}
z − w + · · · ,
Jβ(z)G˜γ(w) =
−N−β,−γG˜β+γ(w)
z − w + · · · , H
i(z)G˜γ(w) =
γiG˜γ(w)
z − w + · · · ,
G˜θ−γ′(z)G˜γ(w) =
2kδγ′,γ
(z − w)3 +
O2γ′,γ(w)
(z − w)2 +
O1γ′,γ(w)
z − w + · · · , (2.34)
where
O2γ′,γ =
 −2Nγ′,−γ
√
Nγ,θ−γ
Nγ′,θ−γ′
Jγ−γ′ , for γ − γ′ ∈ ∆(G)
−2γ ·H, for γ′ = γ,
(2.35)
O1γ′,γ =

−Nγ′,−γ
√
Nγ,θ−γ
Nγ′,θ−γ′
∂Jγ−γ′ + 1k
√
Nγ′ ,θ−γ′
Nγ,θ−γ
Nγ′,−γ′Jγ−γ′(γ′ − γ) ·H
+ 1
k
√
Nγ,θ−γ
Nγ′,θ−γ′
∑
γ′′∈∆1+
γ′′−γ′,γ′′−γ∈∆(G)
Nγ′′,−γNγ′′,−γ′J−γ′+γ′′J−γ′′+γ , for γ − γ′ ∈ ∆(G),
2
θ2
N−θ+γ,−γNθ−γ,γT˜ − ∂(γ ·H) + 1k (γ ·H)2
+ 1
k
∑
γ′′∈∆1+
γ′′−γ∈∆(G)
(Nγ′′,−γ)2Jγ−γ′′Jγ′′−γ, for γ′ = γ.
(2.36)
Note that the supercurrents G˜γ are not primary fields with respect to T˜ (z). However, if
we define the total energy-momentum tensor TESA by adding the Sugawara form TSugawara
of the Ĝ affine Lie algebra: TESA = T˜ + TSugawara where
TSugawara =
1
2k
 ∑
α∈∆(G)
α2
2
JαJ−α +
rank(G)∑
i=1
H iH i
 , (2.37)
we can check that the supercurrents have conformal weight 3/2 with respect to TESA.
The classical value of the central charge cESA is −12k/θ2.
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3 The Quantum Hamiltonian Reduction
3.1 BRST formalism
In this section we discuss the quantum hamiltonian reduction [11] for an affine Lie super-
algebra gˆ at level k, generated by Jα(z) (α ∈ ∆0), jγ(z) (γ ∈ ∆1) and H i(z) (i = 1, . . . , n).
Let TWZNW (z) be the energy-momentum tensor of an affine Lie superalgebra gˆ, defined
by the Sugawara form:
TWZNW =
1
2(k + h∨)
: ∑
α∈∆0+
α2
2
(JαJ−α + J−αJα) +
∑
γ∈∆1+
(jγj−γ − j−γjγ) +
n∑
i=1
H iH i :
 ,
(3.1)
where h∨ is the dual Coxeter number of g and : : denotes the normal ordering. In order
to impose the constraint for the currents at the quantum level, we have to “improve” the
energy-momentum tensor by a contribution from the Cartan currents H i(z):
Timproved(z) = TWZNW (z)− µ · ∂H(z). (3.2)
Here µ is an n-vector. With respect to the improved energy-momentum tensor Timproved(z),
the currents corresponding to the roots α have conformal weights 1 + µ · α. We are
concerned with a class of Lie superalgebras whose even subalgebras are G ⊕ A1, where
G is a semisimple Lie algebra. In the previous section we have considered the constraint
J−θ(z) = 1 but the G currents have conformal dimension one, so in order for the constraint
to make sense, it must have improved conformal dimension, 0. This means that the vector
µ should satisfy
µ · θ = 1, µ · α = 0, for α ∈ ∆(G). (3.3)
These equations (3.3) determine the vector µ uniquely:
µ =
θ
θ2
. (3.4)
From (2.16), we find that the fermionic currents jγ(z) (j−γ(z)) for the positive roots
γ ∈ ∆1+ have conformal weight 3/2 (1/2). The current Jθ(z) has conformal weight 2.
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Now we use the BRST-gauge fixing procedure. In the previous section we took the
Drinfeld-Sokolov gauge (2.23) and derived the Poisson bracket structure for the currents.
In order to study the representation of the algebra, it is very useful to consider the free
field representation. This is realized by taking the “diagonal” gauge
Jθ(z) = 0, θ ·H(z) = a0∂φ(z),
j−γ(z) =
√
N−γ,−θ+γχγ(z), for γ ∈ ∆1+. (3.5)
in (2.8). Here φ(z) is a free boson coupled to the world sheet curvature and a0 is a
constant. χγ(z) are free fermions satisfying operator product expansions
χγ(z)χθ−γ′(w) =
δγ,γ′
z − w + · · · , for γ, γ
′ ∈ ∆1+. (3.6)
This is consistent with the OPE’s of gˆ together with the constraint. Let us introduce
fermionic ghosts (bθ(z),cθ(z)) with conformal weights (0,1) and bosonic ghosts (b˜γ(z),
c˜γ(z)) of weight (
1
2
, 1
2
) for γ ∈ ∆1+. The BRST current JBRST (z) is defined as (cf. ref.
[19])
JBRST (z) = cθ(J−θ−1)+
∑
γ∈∆1+
c˜γ(j−γ−
√
N−γ,−θ+γχγ)+
1
2
∑
γ∈∆1+
Nγ,θ−γ : c˜γ c˜θ−γbθ : . (3.7)
We can easily show that the BRST charge QBRST =
∮
dz
2pii
JBRST (z) satisfies the nilpotency
condition Q2BRST = 0. The total energy-momentum tensor is expressed as
Ttotal(z) = Timproved(z) + Tχ + Tghost(z), (3.8)
where
Tghost(z) = : (∂bθ)cθ +
1
2
∑
γ∈∆1+
(b˜γ∂c˜γ − (∂b˜γ)c˜γ) :,
Tχ(z) = −1
2
∑
γ∈∆1+
: χθ−γ∂χγ : . (3.9)
The central charge c of the total system is computed to be
ctotal = cWZNW − 12kµ2 + 1
2
|∆1+| − 2− |∆1+|, (3.10)
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(where |∆1+| is still the number of positive odd roots). The last two terms are contributions
from ghost fields. The central charge cWZNW of the WZNW models on the Lie supergroup
at level k is given by the formula:
cWZNW =
k sdimg
k + h∨
, (3.11)
where the super dimension sdimg of a Lie superalgebra g is defined as dimg0 − dimg1.
The list for the corresponding central charges is shown in table 2. The results here are
in complete agreement with previous calculations using a variety of different techniques.
Thus, the results for A(n|1), B(n|1), D(n|1) were obtained in ref. [7]; the one for D(2|1;α)
agrees with ref. [6, 30] (see also, [31]), the result for D(2|n) and G(3) agrees with ref.
[23], and the result for F (4) with that of [32]. Our treatment here, however, provides a
unifying framework.
In the classical limit k → ∞, the expression (3.17) becomes −12k/θ2, which agrees
with the result (2.34) obtained in the previous section.
3.2 The Free Field Representation
We consider the free field representations of G extended superconformal algebra based on
the Wakimoto construction [25] of the affine Lie superalgebra gˆ [33]. Let us introduce
bosonic ghosts (βα(z), γα(z)) for even positive roots α ∈ ∆0+ with conformal dimensions
(1,0), fermionic ghosts (ηγ(z), ξγ(z)) for odd positive roots γ ∈ ∆1+ with (unimproved)
conformal dimensions (1,0) and n free bosons ϕ(z) = (ϕ1(z), . . . , ϕn(z)) coupled to the
world-sheet curvature, satisfying the operator product expansions:
βα(z)γα′(w) =
δα,α′
z − w + · · · , ηγ(z)ξγ′(w) =
δγ,γ′
z − w + · · · ,
ϕi(z)ϕj(w) = −δij ln(z − w) + · · · . (3.12)
Using these free fields the energy-momentum tensor is expressed as
TWZNW (z) =
∑
α∈∆0+
: βα∂γα : −
∑
γ∈∆1+
: ηγ∂ξγ : −1
2
: (∂ϕ)2 : − iρ · ∂
2ϕ
α+
, (3.13)
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where α+ =
√
k + h∨ and ρ = ρ0−ρ1. ρ0 (ρ1) is half the sum of positive even (odd) roots:
ρ0 =
1
2
∑
α∈∆0+
α, ρ1 =
1
2
∑
γ∈∆1+
γ. (3.14)
The Cartan part currents H i(z) are given by
H i(z) = −iα+∂ϕi +
∑
α∈∆0+
αi : γαβα : +
∑
γ∈∆1+
γi : ξγηγ : . (3.15)
After improvement of the energy momentum tensor, the ghost systems acquire conformal
dimensions, (0, 1) for (βθ, γθ) and (
1
2
, 1
2
) for (ηγ, ξγ). In the BRST gauge fixing procedure
it is natural to assume that the multiplets (βθ, γθ, bθ, cθ) and (ηγ, ξγ, b˜γ, c˜γ) for γ ∈ ∆1+
form Kugo-Ojima quartets [34], and that the corresponding energy-momentum tensor is
BRST-exact. In the case of the ̂sl(N) affine Lie algebra, this has been proven both by
homological techniques [35], and by a more direct method [36]. This ansatz enables us to
write the total energy-momentum tensor in the form:
Ttotal(z) = TESA(z) + {QBRST , ∗}, (3.16)
where TESA is the energy-momentum tensor of G extended superconformal algebra:
TESA(z) = −1
2
: (∂ϕ)2 : −i
(
ρ
α+
− α+µ
)
· ∂2ϕ+ ∑
α∈∆+(G)
: βα∂γα : +
1
2
∑
γ∈∆1+
: (∂χγ)χθ−γ : .
(3.17)
The central charge of TESA is given by the formula
c = n− 12
(
ρ
α+
− α+µ
)2
+ 2|∆+(G)|+ 1
2
|∆1+|. (3.18)
This may be shown to be equal to ctotal (3.10).
In the case that Ĝ is expressed as a direct sum of simple affine Lie algebras ⊕iĜi, the
relation between the level k of the affine Lie superalgebra gˆ and that, Ki, of the i’th affine
Lie algebra Ĝi, is given by considering the decomposition of the vector ρ/α+ − α+µ into
the roots of the even subalgebras (⊕iGi)⊕ A1:
ρ
α+
− α+µ =
∑
i
ρGi
α+
+ (
1
2
− |∆1+|
4
α+
− α+
θ2
)θ. (3.19)
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Here ρGi is half the sum of positive roots of the subalgebra Gi. The above decomposition
means that
k + h∨ =
α2Li
2
(Ki + h
∨
i ), (3.20)
where h∨i is the dual Coxeter number of the even subalgebra Gi and αLi is a long root of
the subalgebra Gi.
The n bosons ϕ(z) = (ϕ1(z), . . . , ϕn(z)) coupled to the world sheet curvature, can
be divided into two classes, due to the decomposition of the Cartan subalgebra h =
HG⊕HA1 , where HG and HA1 are the Cartan subalgebras of the even subalgebras G and
A1, respectively. A boson θ · ϕ in the θ direction of the root space of the even subalgebra
A1, commutes with the bosons lying along the root space of the even subalgebra G. The
remaining n − 1 free bosons are used for the free field representation of the Gˆ affine Lie
algebra, combined with (βα, γα)-systems (α ∈ ∆+(G)). If we define a Feigin-Fuchs boson
φ:
φ(z) =
θ · ϕ(z)√
θ2
, (3.21)
the energy-momentum tensor (3.17) becomes TESA(z) = Tφ(z) + TG(z) + Tχ(z), where
Tφ = −1
2
(∂φ)2 − iQ
2
∂2φ, Q =
√
θ2(
2− |∆1+|
2α+
− 2α+
θ2
). (3.22)
TG(z) is the Sugawara energy-momentum tensor of the affine Lie algebra Ĝ.
So far we have discussed the energy-momentum tensor at the quantum level using
the free field representation. In the following we will give some examples of the free
field representation of G extended superconformal algebras. Several of those have been
provided previously in the literature. This is true for osp(N |2) and for A(n|1), n > 1,
[37], and for A(1|1), [38]. We repeat the results here from our point of view, partly for
illustration and completeness, partly because we shall need them for the construction of
screening operators in sect. 5. Our results for D(2|n), however, are new. The same is
true for our results for D(2|1;α) presented in ref. [31].
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4 Examples: Non-exceptional extended superconfor-
mal algebras
In this section we discuss the free field representation of specific extended superconformal
algebras. The free field representations of so(N) and u(N) extended superconformal
algebras were found in ref. [37] from the viewpoint of the osp(N |2) KdV equations [39].
In ref. [21] two of us gave the classical free field representation by connecting the DS-
gauge and the diagonal gauge (the Miura transformation). In the quantum case, we need
some modification of the coefficients due to double contractions in the operator product
expansions. In the present paper we treat the non-exceptional type Lie superalgebras
A(n|1), B(n|1), D(n|1) and D(2|n). An example of an exceptional type Lie superalgebra
is D(2|1;α), from which one gets the doubly extended superconformal algebra A˜γ. This
free field representation is treated in a separate paper [31]. Although we may treat the
other exceptional type Lie superalgebras F (4) and G(3) in a similar way, we defer explicit
formulas to a separate publication.
4.1 A(n|1)
Let Jˆij (i, j = 1, . . . , N = n+ 1) be the
̂sl(N) currents at level K, satisfying
Jˆij(z)Jˆkl(w) =
K(δjkδil − δijδklN )
(z − w)2 +
−δjkJˆil(w) + δliJˆkj(w)
z − w + · · · . (4.1)
The generators of the u(N) extended superconformal algebras are the u(N) currents
Jˆij(z), and 2N supercurrents Gi(z), G¯i(z) as well as the energy-momentum tensor T (z).
Their free field representations [37] are given by
Jij = Jˆij − χiχ¯j +
√
2
N(N − 2)α+δij∂φˆ,
Gi = i∂φχi −Q∂χi − i
√
2
α+
(Jˆik − χiχ¯k −
√
N − 2
2N
α+∂φˆδik)χk,
G¯i = i∂φχ¯i −Q∂χ¯i +
√
2i
α+
χ¯k(Jˆki − χkχ¯i −
√
N − 2
2N
α+∂φˆδik), (4.2)
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T = −1
2
(∂φ)2 − iQ
2
∂2φ− 1
2
(χ¯i∂χi + χi∂χ¯i)− 1
2
(∂φˆ)2 +
1
2(K +N)
: JˆijJˆji :,
where α+ =
√
K +N andQ =
i
√
2(1−N+α2+)
α+
. φˆ(z) is a free boson, which represents the u(1)
direction of the even subalgebra, defined as φˆ(z) = ν · ϕ/√ν2 with ν = 1
N−2{2(
∑N
i=1 ei)−
N(δ1+ δ2)}. Vectors, ei, δi are introduced in Appendix A. The u(1) current U(z) is given
by the trace of a matrix J = (Jij):
U = Jii = χ¯iχi +
√
2N
N − 2α+∂φˆ. (4.3)
One finds that Jij(z) satisfies the operator product expansions:
Jij(z)Jkl(w) =
(K + 1)δjkδil − (K+2)δijδklN−2
(z − w)2 +
−δjkJil(w) + δliJkj(w)
z − w + · · · . (4.4)
The supercurrents Gi(z) and G¯i(z) belong to the N -dimensional representation of u(N)
Kac-Moody algebra and its conjugate representation, respectively:
Jij(z)Gk(w) =
−δjkGi(w)
z − w + · · · , Jij(z)G¯k(w) =
δikG¯j(w)
z − w + · · · . (4.5)
The nontrivial operator product expansions for the supercurrents are
Gi(z)G¯j(w) =
δij2(2K+N+2)
K+N
(z − w)3 +
−2(2K+N+2)
K+N
Jij(w) + δij
2(K+2)
K+N
U(w)
(z − w)2 +
Oij(w)
z − w + · · · , (4.6)
where
Oij = δij2T − 2K + 2 +N
K +N
∂Jij + δij
K + 2
K +N
∂U (4.7)
+
1
k +N
{
2(JikJkj)S− : UJij : +δij(−1
2
: JklJlk : +
1
2
: U2 :)
}
.
where we define the symmetric normal ordering (AB)S(z) of two fields A(z) and B(w),
by 1
2
(: AB : + : BA :)(z). Note that for A(1|1) one gets N = 4 sl(2) extended supercon-
formal algebra since the u(1) current decouples from the algebra. Recently the free field
representation has been developed in ref. [38].
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4.2 osp(N |2)
In the definition of the Lie superalgebra osp(N |2), we use a negative metric for the root
space of the even subalgebra so(N), which makes the level of the affine ̂so(N) negative
(cf. Appendix A). In order to discuss the representation theory, it is convenient to change
the sign of the metric.
The free field representation of so(N) extended superconformal algebras, was first
given in ref. [37]. Following this, it is convenient to introduce the anti-symmetric basis
for the so(N) currents Jˆij(z) (1 ≤ i, j ≤ N) at level K, satisfying Jˆij = −Jˆji. The
operator product expansions are
Jˆij(z)Jˆlm(w) =
−K(δilδjm − δimδjl)
(z − w)2
+
−δilJˆjm(w) + δjlJˆim(w) + δjmJˆli(w)− δimJˆlj(w)
z − w + · · · . (4.8)
Let ψi (i = 1, . . . , N) be real fermions satisfying ψi(z)ψj(w) =
δij
z−w + · · ·. The generators
of the so(N) extended superconformal algebras are given by
T = −1
2
(∂φ)2 − iQ
2
∂2φ− 1
2
: ψi∂ψi : − 1
2(K +N − 2) : Jˆij Jˆji :,
Gi = i∂φψi −Q∂ψi + i
α+
Jˆijψj ,
Jij = Jˆij + ψiψj , (4.9)
where α+ =
√
K +N − 2 and Q = i(2−N−α2+)
α+
. The currents Jij satisfy the level K + 1̂so(N) Kac-Moody algebra. Other nontrivial operator product expansions of generators
are
Jij(z)Gk(w) =
δjkGi(w)− δikGj(w)
z − w + · · · ,
Gi(z)Gj(w) =
2K2+2K+N−2
K+N−2 δij
(z − w)3 +
2K+N−2
K+N−2 Jij(w)
(z − w)2 +
Oij(w)
z − w + · · · , (4.10)
where
Oij = δij2T +
1
2
2K +N − 2
K +N − 2 ∂Jij −
1
K +N − 2 {(JikJkj)S − δij : JlmJml :} . (4.11)
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4.3 D(2|n)
The Lie superalgebra D(2|n) has the even subalgebra so(4) ⊕ sp(2n). Since so(4) is
isomorphic to sl(2)⊕sl(2), we can use the hamiltonian reduction to find an sl(2)⊕sp(2n)
extended superconformal algebra. In this case we use a negative metric for the root space
of the sl(2) subalgebra, and a positive metric for the root space of the sp(2n) subalgebra,
so the levels of the sl(2) and of the sp(2n) algebras have opposite signs. Let Jˆ and Iˆ be
the sp(2n) currents with level K and the sl(2) currents with level K˜. From (3.20) we find
that the level K˜ is equal to −K − 2n− 2. An element of sp(2n) may be represented by
a matrix of the form
M =
(
A B
C −rA
)
, (4.12)
where A, B and C are n × n matrices, the matrix rA is defined as rAi,j = An+1−j,n+1−i,
and B = rB, C = rC. We denote the currents in the sp(2n) matrix Jˆ as (i, j ≤ n)
Jˆij = Jˆ−i+j ,
Jˆ2n+1−i,j = Jˆ+i+j ,
Jˆi,2n+1−j = Jˆ−i−j . (4.13)
The Cartan algebra element H i = Jˆii is written as Jˆ+i−i in this notation. Note that
Jˆ+i+j = Jˆ+j+i and Jˆ−i−j = Jˆ−j−i. We write the sl(2) currents as Iˆ± and Iˆ3. Introduce 4n
free fermions ψ+±i and ψ
−
±i with the OPE’s ψ
−
±i(z)ψ
+
∓j(w) =
δij
z−w + · · ·. We can then write
the sp(2n)⊕ sl(2) Kac-Moody currents of the extended superconformal algebra as
I3 = Iˆ3 − 1
2
: ψ−+mψ
+
−m : −
1
2
: ψ−−mψ
+
+m :, I
± = Iˆ± + ψ±+mψ
±
−m, (4.14)
and
J+i−j = Jˆ+i−j+ : ψ++iψ
−
−j : + : ψ
−
+iψ
+
−j :,
J+i+j = Jˆ+i+j + ψ
+
+iψ
−
+j − ψ−+iψ++j,
J−i−j = Jˆ−i−j + ψ
+
−iψ
−
−j − ψ−−iψ+−j, (4.15)
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and the free field representation of the supercurrents are given by
G±+i = −
Q√
2
∂ψ±+i +
i√
2
ψ±+i∂φ +
i
α+
(
∓ : ψ±−mJ+m+i : − : ψ±+mJ+i−m : ±ψ±+iIˆ3 + ψ∓+iIˆ±
)
,
G±−i = −
Q√
2
∂ψ±−i +
i√
2
ψ±−i∂φ +
i
α+
(
∓ : ψ+mJ−i−m : + : ψ±−mJ+m−i : ±ψ±−iIˆ3 − ψ∓−iIˆ±
)
,
(4.16)
where α+ =
√
K + 2n and Q = −i√2α2+−2n+1
α+
. The superscript + corresponds to an sl(2)
isospin of +1
2
for the supercurrents and fermions, and − corresponds to isospin −1
2
, while
the subscripts ±i corresponds to a numbering of the weights of the 2n-dimensional vector
representation of sp(2n). With these representations, we get the standard OPE’s for the
Kac-Moody currents, but with levels K + 2 for sp(2n) and −K − n− 2 for sl(2):
J+i−j(z)J+k−l(w) =
(K + 2)δilδjk
(z − w)2 +
δkjJ+i−l(w)− δilJ+k−j(w)
z − w + · · · ,
J+i−j(z)J+k+l(w) =
δjlJ+i+k(w) + δjkJ+i+l(w)
z − w + · · · ,
J+i−j(z)J−k−l(w) = −δikJ−j−l(w) + δilJ−j−k(w)
z − w + · · · ,
J−i−j(z)J+k+l(w) =
(K + 2)(δilδkj + δikδjl)
(z − w)2
− δkjJl−i(w) + δikJl−j(w) + δilJk−j(w) + δjlJk−i(w)
z − w + · · · ,(4.17)
I3(z)I±(w) =
±I±(w)
z − w + · · · , I
3(z)I3(w) =
−(K + n + 2)/2
(z − w)2 + · · · ,
I+(z)I−(w) =
−K − n− 2
(z − w)2 +
2I3(w)
z − w + · · · . (4.18)
The OPE’s of the sp(2n) Kac-Moody currents with the supercurrents G are
J−i+j(z)G±+k(w) =
δikG
±
+j(w)
z − w + · · · ,
J−i+j(z)G±−k(w) =
−δjkG±−i(w)
z − w + · · · ,
J+i+j(z)G
±
−k(w) =
±(δikG±+j(w) + δjkG±+i(w))
z − w + · · · ,
J−i−j(z)G±+k(w) =
±(δikG±−j(w) + δjkG±−i(w))
z − w + · · · , (4.19)
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and the OPE’s of the sl(2) Kac-Moody currents with the supercurrents are
I3(z)G−±i(w) =
−1
2
G±i(w)
z − w + · · · , I
3(z)G+±i(w) =
1
2
G±i(w)
z − w + · · · ,
I−(z)G+±i(w) =
±G+±i(w)
z − w + · · · , I
+(z)G−±i(w) =
±G−±i(w)
z − w + · · · . (4.20)
Finally we get the slightly more complicated expression for the operator product of two
supercurrents
G±+i(z)G
±
+j(w) =
± 2
α2+
J+i+jI
±(w)
z − w + · · · ,
G±−i(z)G
±
−j(w) =
± 2
α2+
J−i−jI±(w)
z − w + · · · ,
G±−i(z)G
±
+j(w) =
− 2
α2+
δijKI
±(w)
(z − w)2 +
− 1
α2+
δijK∂I
±(w) + 2
α2+
J−i+jI±(w)
z − w + · · · ,
G−±i(z)G
+
±j(w) =
2(K+n+2)
α2+
J±(i+j)(w)
(z − w)2 +
O−+±i±j(w)
z − w + · · ·
G−±i(z)G
+
∓j(w) =
δij((K+1)(K+2n)+K)
α2+
(z − w)3
+
±2(K+n+2)
α2+
J±(i−j)(w)− 2Kα2+ δijI
3(w)
(z − w)2 +
O−+±i∓j(w)
z − w + · · · , (4.21)
where
O−+±i±j =
K + n+ 2
α2+
∂J±(i+j) +
2
α2+
J±(i+j)I3
+
1
α2+
(Jk±iJ±j−k)S − 1
α2+
(J±i−kJk±j)S,
O−+±i∓j = ±[
(K + n + 2)
α2+
∂J±(i−j) +
2
α2+
J±(i−j)I
3]
+
1
α2+
[(J±(i−k)J±(k−j))S + (J±(i+k)J∓(k+j))S] (4.22)
+δij[− 1
4α2+
tr : J2 : +
1
α2+
{K∂I3 + 2 : (I3)2 : +2(I−I+)S}+ T ].
Here the energy momentum tensor T is T = Tφ + Tsl(2) + Tsp(2n) + Tψ, and
Tφ = −1
2
: (∂φ)2 : − iQ
2
∂2φ,
21
Tsl(2) = −(α+)−2
(
(Iˆ3)2 + Iˆ−Iˆ+
)
S
,
Tsp(2n) = (α+)
−21
4
tr : Jˆ2 :,
Tψ =
1
2
(
: ∂ψ−+mψ
+
−m : + : ∂ψ
−
−mψ
+
+m : + : ∂ψ
+
+mψ
−
−m : + : ∂ψ
+
−mψ
−
+m :
)
.(4.23)
These OPE’s are identical with the recent results obtained by a different approach in
ref.[23]. In the next section we shall discuss the structure of screening operators for G
extended superconformal algebras.
5 Degenerate Representation of G extended super-
conformal algebras
In this section we discuss the representation theory of an extended superconformal algebra
with Ĝ affine Lie algebra symmetry using free fields. The Fock space of the G extended
superconformal algebras is a tensor product of ones for |∆1+| fermions χγ , free fields for
the affine Lie algebra Ĝ, and a free boson φ(z) coupled to the world sheet curvature.
The free field representations of affine Lie algebras Ĝ are studied in refs. [25]. Let α¯i
(i = 1, . . . , r) be simple roots of the even subalgebra G. λ¯i (i = 1, . . . , r) the fundamental
weights of G satisfying 2λ¯i·α¯j
α¯2
j
= δij . Φ
Λ¯
λ¯
(z) is a primary field of the affine Lie algebra Ĝ at
level K, with weight λ¯ in the highest weight module with highest weight Λ¯. In the free field
representation, this field can be expressed as pΛ¯
λ¯
(z)exp( iΛ¯·ϕ(z)
α+
), where pΛ¯
λ¯
is a polynomial
consisting of terms, γα1 · · · γαk(z) (αi ∈ ∆+(G)) such that λ¯ = −Λ¯ + α1 + · · ·+ αk. Note
that in the present prescription, the vertex operator exp( iΛ¯·ϕ(z)
α+
) represents the lowest
weight state ΦΛ¯−Λ¯(z).
Denote the total Fock space as Fχ,Λ¯,p = F
χ ⊗ FGΛ¯ ⊗ F φp , where F χ is a fermionic Fock
space constructed from χγ (γ ∈ ∆1+). FGΛ¯ is a Fock space of the algebra Ĝ built on a pri-
mary field ΦΛ¯−Λ¯ = e
iΛ¯·ϕ(z)
α+ . F φp is a Fock space built on a vertex operator Vp(z) = e
ip
√
θ2φ(z).
The dual spaces (FGΛ¯ )
∗ and (F φp )
∗ are isomorphic to FG−2ρG−Λ¯ and F
φ
−Q−p, respectively.
A primary field of a G extended superconformal algebra is expressed as the products
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of three fields:
Vγ1,...,γl
Λ
λ p(z) = χγ1(z) · · ·χγl(z)ΦΛλ (z)eip
√
θ2φ(z), (5.1)
where γi are positive odd roots. The conformal weight of (5.1) is given by
∆ =
l
2
+
Λ(Λ + 2ρG)
2α2+
+
1
2
(p2 +Qp)θ2. (5.2)
5.1 Screening operators
In order to study the representation of the algebra using free fields, we must specify the
screening operators which commute with the generators of the extended superconformal
algebra. We consider screening operators which correspond to the simple roots of the Lie
superalgebra g. These screening operators are BRST-equivalent to those of the affine Lie
superalgebra gˆ [11]. In the present choice of the simple root system of the Lie superalgebra
in table 1, the simple roots of the even subalgebra G are a subset of those of g (see
Appendix A). Thus we will get the screening operators corresponding to the simple roots
of the affine Lie algebra Ĝ. Since the remaining simple roots are odd, we will obtain
fermionic type screening operators. In addition, we will find another screening operator,
which is necessary to characterize the A1 even subalgebra corresponding to the root θ.
5.1.1 Affine screening operators.
First we can take the screening operators Sα¯i(z) of the affine Lie algebra Ĝ as those of G
extended superconformal algebra:
Sα¯i(z) = sα¯i(z)e
− iα¯i·ϕ(z)
α+ , (5.3)
where sα¯i consists of terms like βα¯i and γα1 · · · γαkβα1+···+αk+α¯i with α1, . . . , αk ∈ ∆+(G).
These screening operators are used for the characterization of singular vectors in the Fock
modules of the affine Lie algebra Ĝ.
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5.1.2 Fermionic screening operators.
Next, we consider a class of screening operators, which corresponds to the odd simple
roots. In the diagonal gauge (free field realization) we have fermions for every negative
odd root. We expect that the resulting screening operators are expressed as some linear
combinations of the odd root fermions χγ . Remember that the negative odd root space
(g1)− 1
2
belong to the fundamental representation of the even subalgebra G of dimensions
|∆1+|. Denote the highest weight of these representations as Λ¯∗. To each odd positive root
corresponds a weight vector in the representation with the highest weight Λ¯∗. Let γ(λ¯)
be an odd positive root associate with the weight vector λ¯. In table 3 we list such highest
weights for every g. In order that this type of screening operator commutes with the Ĝ
currents, this should be a Ĝ singlet operator i.e. the operator product expansion with the
Ĝ currents should be regular. These observations lead to fermionic screening operators of
the following type:
Sf (z) =
∑
λ¯
χγ(λ¯)Φ
Λ¯∗
λ¯ exp(−
i
√
θ2φ(z)
2α+
), (5.4)
where λ¯ runs over the weights of the representation with the highest weight Λ¯∗.
For example, in the case of A(n|1), there are two highest weight vectors λ¯1 ⊕ ν and
λ¯n ⊕ (−ν). The latter weight vector is the conjugate representation of the former. ν
denotes the u(1) charge. We find two fermionic screening operators
Sf(z) = χiΦie
−
√
N
N−2α+φˆ(z)+
φ(z)√
2α+ ,
S¯f(z) = χ¯iΦ¯ie
√
N
N−2α+φˆ(z)+
φ(z)√
2α+ , (5.5)
where Φi(z) and Φ¯i(z) (i = 1, . . . , N) are primary fields of Jˆij satisfying
Jij(z)Φk(z) =
δikΦj(w)− 1N δijΦk(w)
z − w + · · · ,
Jij(z)Φ¯k(z) =
−δkjΦ¯i(w) + 1N δijΦ¯k(w)
z − w + · · · . (5.6)
We can easily check that Sf (z) and S¯f (z) are u(N) singlets and have conformal dimension
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one. Moreover Sf(z) satisfy
Gi(z)Sf (w) = regular, G¯i(z)Sf (w) =
∂
∂w
 i
√
2α+Φie
−
√
N
N−2α+φˆ(w)+
φ(w)√
2α+
z − w
+ · · · , (5.7)
by virtue of the Knizhnik-Zamolodchikov equations [40]:
∂Φi =
1
K +N
: JkiΦk : . (5.8)
Similar relations hold for S¯f(z).
In the case of so(N) extended superconfomal algebras, we find the following fermionic
screening operator:
Sf (z) = ψi(z)Φi(z)e
− 1
α+
φ(z)
, (5.9)
where Φi(z) belongs to the N dimensional representation of
̂so(N):
Jˆij(z)Φk(w) =
δjkΦi(w)− δikΦj(w)
z − w + · · · . (5.10)
Sf(z) is an so(N) singlet operator and has conformal dimension one. The operator product
expansions with the supercurrents are
Gi(z)Sf (w) =
∂
∂w
 iα+Φi(w)e− 1α+ φ(w)
z − w
+ · · · , (5.11)
We can now also construct fermionic screening operators for the D(2|n) case. Let Φ±±k be
primary fields in the 2n×2 dimensional representation of sp(2n)⊕sl(2), which transform
as G under Jˆ and Iˆ, i.e. we have
J−i+j(z)Φ±+k(w) =
δikΦ
±
+j(w)
z − w + . . . , J−i+j(z)Φ
±
−k(w) =
−δjkΦ±−i(w)
z − w + . . . ,
J+i+j(z)Φ
±
−k(w) =
±(δikΦ±+j(w) + δjkΦ±+i(w))
z − w + . . . ,
J−i−j(z)Φ±+k(w) =
±(δikΦ±−j(w) + δjkΦ±−i(w))
z − w + . . . ,
I3(z)Φ−±i(w) =
−1
2
Φ±i(w)
z − w + . . . , I
3(z)Φ+±i(w) =
1
2
Φ±i(w)
z − w + . . . ,
I−(z)Φ+±i(w) =
±Φ+±i(w)
z − w + . . . , I
+(z)Φ−±i(w) =
±Φ−±i(w)
z − w + . . . . (5.12)
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We can then write the fermionic screening operator as
Sf (z) = (ψ
+
+kΦ
−
−k + ψ
+
−kΦ
−
+k + ψ
−
+kΦ
+
−k + ψ
−
−kΦ
+
+k)(z)e
− 1√
2α+
φ(z)
. (5.13)
The OPE’s of the Kac-Moody currents with this screening operator is regular, and the
OPE’s with the supercurrents are
G±+i(z)Sf (w) =
∂
∂w
 iα+Φ±+i(w)e−
1√
2α+
φ(w)
z − w
+ · · · ,
G±−i(z)Sf (w) =
∂
∂w
 iα+Φ±−i(w)e−
1√
2α+
φ(w)
z − w
+ · · · . (5.14)
A similar construction is possible for other G extended superconformal algebras.
5.1.3 Screening operators in the θ-direction.
Finally we need a screening operator which is necessary to characterize the θ direction.
Denote this screening operator as Sθ(z). We assume that this operator takes the form:
Sθ(z) = sθ(z)exp(
2iα+φ(z)√
θ2
), (5.15)
where sθ(z) is a G singlet operator with conformal dimension |∆1+|/2 containing a term∏
γ∈∆1+ χγ . This assumption is justified in part by the following list of results:
In the case of N = 4 sl(2) superconformal algebra this type of screening opera-
tor has been obtained in ref. [38]. When we consider the osp(N |2) case, for N = 1
and 2, the screening operators are given as Sθ = ψ1exp(−α+φ(z)) and Sθ = (ψ1ψ2 −
1
K
J12)exp(−α+φ(z)), respectively. These are nothing but the screening operators ofN = 1
and 2 minimal models. For the N = 3 case, this kind of screening operator has been found
in ref. [41], the result of which becomes in our notation:
Sθ(z) = [ψ1ψ2ψ3 − 1
K
(J12ψ3 + J32ψ1 + J13ψ2)](z)e
α+φ(z). (5.16)
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We expect that this procedure can be generalized to any N . In particular, we find that
for N = 4, the screening operator takes the form:
Sθ(z) = {ψ1ψ2ψ3ψ4 − 1
K
(J12ψ3ψ4 − J13ψ2ψ4 + J14ψ2ψ3 − J24ψ1ψ3 + J34ψ1ψ2 + J23ψ1ψ4)
+
1
K(K + 2)
[(J12J34)S − (J13J24)S − (J14J23)S]}(z)eα+φ(z). (5.17)
The operator product expansions of the supercurrents with this screening operator is
G1(z)Sθ(w) =
∂
∂w
(
i
α+
O(w)exp(α+ψ(w))
z − w
)
+ · · · , (5.18)
where
O = −ψ2ψ3ψ4 + 2
K(K + 2)
(J23ψ4 + J34ψ2 + J42ψ3). (5.19)
Similar expressions hold for the other supercurrents. For general N , we have a conjecture
for the form sθ(z). However due to the complicated operator product expansions we have
not yet succeeded in a complete verification. As an example of a further nontrivial case,
we have constructed the screening operator for D(2|1;α) [31]. For generic G we can easily
show that the field (5.15) has conformal dimension one. In the following we assume the
existence of this kind of screening operator for any G.
5.2 Structure of null fields
Based on the above observations on the screening operators, we discuss the structure of
singular vectors of G extended superconformal algebras. We consider the Neveu-Schwarz
sector for simplicity.
Firstly we consider the singular fields corresponding to the affine Lie algebra Ĝ [25].
These are given by the following screened vertex operators:
ΨΛ¯β1,...,βm(z) =
∮
du1 · · · dumSβ1(u1) · · ·Sβm(um)ΦΛ¯−Λ¯(z), (5.20)
where βa (a = 1, . . . , m) are simple roots of the algebra G: i.e. βa = α¯ia for some
ia = 1, . . . , r. The contours of integrations are taken as in ref. [42]. If the above integral
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exists and is nonzero, this gives the null fields in the Fock space FG
Λ¯+
∑m
a=1
βa
. The condition
for existence of the null fields is given by the “on-shell” conditions [42]:
1
α2+
∑
a<b
βa · βb − 1
α2+
m∑
a=1
βa · Λ¯ = −M, (5.21)
with a positive integer Mi. If
∑m
a=1 βa = n
′α¯ and M = nn′ for a positive root α¯ ∈ ∆+(G)
and positive integers n and n′, we get the Kac-Kazhdan formula [43]:
(Λ¯ + ρG) · α¯ = −nα2+ + n′
α¯2
2
. (5.22)
This formula and its dual, which is obtained by replacing Λ¯ by −2ρG − Λ¯, characterize
the singular vectors of the Fock module of the affine Lie algebra Ĝ.
The fermionic singular vectors are given by considering a screened vertex operator of
the form:
ΨΛ¯,p(z) =
∮
duSf(u)VΛ¯,p(z), (5.23)
where VΛ¯,p(z) = Φ
Λ¯
λ¯
exp(ip
√
θ2φ(z)). The non-zero existence of the above contour integral
requires the condition:
Λ¯ · Λ¯∗
α2+
− pθ
2
2α+
= −M, (5.24)
where M is a positive integer. In this case ΨΛ,p(z) is a singular vector in the Fock module
FGΛ¯+Λ¯∗ ⊗ F φp− 1
2α+
at level M − 1
2
.
The null fields in the θ direction can be obtained from the screened vertex operators:
Ψpr(z) =
∮
du1 · · · durSθ(u1) · · ·Sθ(ur)Vp(z), (5.25)
where Vp(z) = e
ip
√
θ2φ(z). The on-shell condition becomes
r(r − 1)
2
(
2α+
θ2
)2θ2 + 2rpα+ = −M. (5.26)
with an positive integer M . Writing M as
r(s−|∆1+|+2)
2
, we find that p is given by
pr,−s = −r − 1
θ2
α+ − s− |∆
1
+|+ 2
4α+
. (5.27)
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In this case Ψpr(z) is a null field in the Fock module F
φ
−Q−pr,s at level
rs
2
, where
pr,s =
1− r
θ2
α+ +
s + |∆1+| − 2
4α+
. (5.28)
The precise range for s cannot be identified unambiguously until the multiplicities of zeros
of the Kac determinant (or something equivalent) has been dealt with.
The formulas (5.22), (5.24) and (5.28) characterize the whole singular vector structure
of the G extended superconformal algebras.
6 Conclusions and Discussion
In the present paper we have studied G extended superconformal algebras from the view-
point of classical and quantum hamiltonian reductions of an affine Lie superalgebra gˆ,
with even Lie subalgebras Ĝ ⊕ ̂sl(2). At the classical level we have derived generic for-
mulas for the commutation relations of the ensuing G extended superconformal algebras.
At the quantum level we have obtained the quantum expression of the energy momentum
tensor for general types by adopting free field representations for the affine Lie super-
algebra. We have given explicit free field expressions for the supercurrents in the case
of the non-exceptional type Lie superalgebras sl(N |2), osp(N |2) and osp(4|2N). For the
exceptional Lie superalgebra D(2|1;α), we obtain the N = 4 sl(2)⊕sl(2) doubly extended
superconformal algebra A˜γ (γ = α1−α), which admits one continuous parameter α[30]. A
detailed analysis of the free field representations is presented in a separate publication
[31]. For the other exceptional type Lie superalgebras F (4) and G(3), we can construct
a Poisson bracket structure of N = 8 spin(7) and N = 7 G2 extended superconformal
algebras, respectively, by introducing a pseudo matrix representation[29]. Although we
do not present their free field representation of supercurrents in this paper, we expect
that similar formulas holds as in the non-exceptional case. This subject will be treated
elsewhere. We have introduced a set of screening operators for G extended supercon-
formal algebras. Using the null field construction, we have identified the primary fields
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corresponding to degenerate representations of these algebras.
In order to make further progress on the representation theory, one should for example
investigate the Kac determinant formula.
It is now in principle possible to calculate correlation functions and characters for
these models. They will then be expressed as products of those of Ĝ affine Lie algebras,
Virasoro minimal models and free fermions.
Compared to the linearly extended superconformal algebras, a geometrical interpreta-
tion of the present non-linear algebras is unclear. It seems an interesting problem to try
to find a way of interpreting these non-linear symmetries in terms of non-linear σ-models
on non-symmetric Riemannian manifolds. This problem is important in order to clarify
the geometrical meaning of the W -algebras.
The present construction of the extended superconformal algebra is based on the
hamiltonian reduction of the affine Lie superalgebras. It is well understood that in the
case of W -algebras associated with simple Lie algebras, the hamiltonian reduction [9]-
[12] provides a connection to various integrable systems such as Toda field theory [44]
and the generalized KdV hierarchy [45]. In the present case it is natural to expect the
super Liouville model coupled to Wess-Zumino-Novikov-Witten (WZNW) models or the
KdV hierarchy coupled to affine Lie algebras to arise. In the bosonic case, this kind of
integrable system has been partially studied [16].
One might further generalize the hamiltonian reduction procedure to any Lie super-
algebra. This would then give rise to a super W -algebra coupled to WZNW models.
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Appendix A. The root system
In this appendix, we describe the root systems of the Lie superalgebras with the even
subalgebra G⊕A1 as given in table 1. θ is the simple root of A1. We use the orthonormal
basis ei (i ≥ 1) with positive metric and δj (j ≥ 1) with negative metric:
ei · ej = δij , δi · δj = −δij , ei · δj = 0. (A.1)
1. A(n|1) (n ≥ 1), (rank n + 2, the dual Coxeter number h∨ = n− 1)
Simple roots: α1 = δ1 − e1, αi = ei−1 − ei, (i = 2, . . . , n+ 1), αn+2 = en+1 − δ2.
Positive even roots: ei − ej , (1 ≤ i < j ≤ n + 1), θ = δ1 − δ2.
Positive odd roots: δ1 − ej , ej − δ2, (j = 1, . . . , n+ 1).
2. B(n|1) (n ≥ 0), (rank n + 1, h∨ = 3− 2n)
Simple roots: α1 = e1 − δ1, αi+1 = δi − δi+1, (i = 1, . . . , n− 1), αn+1 = δn.
Positive even roots: θ = 2e1, δi ± δj , (1 ≤ i < j ≤ n), δi, (i = 1, . . . , n)
Positive odd roots: e1, e1 ± δj , (j = 1, . . . , n).
3. D(n|1) (n ≥ 2), (rank n+ 1, h∨ = 4− 2n)
Simple roots: α1 = e1−δ1, αi+1 = δi−δi+1, (i = 1, . . . , n−1), αn+1 = δn−1+δn.
Positive even roots: θ = 2e1, δi ± δj , (1 ≤ i < j ≤ n).
Positive odd roots: e1 ± δj , (j = 1, . . . , n).
4. D(2|n) (n ≥ 1) (rank n+ 2, h∨ = 2n− 2
Simple roots: α1 = −δ2 − δ1, α2 = δ1 − e1, αi+2 = ei − ei+1, (i = 1, . . . , n− 1),
αn+2 = 2en.
Positive even roots: −δ2 − δ1, θ = δ1 − δ2, ei ± ej, (1 ≤ i < j ≤ n).
Positive odd roots: δ1 ± ej , −δ2 ± ej, (j = 1, . . . , n).
5. D(2|1;α) (α 6= 0,−1,∞), (rank 3, h∨ = 0)
Simple roots: α1 =
1
2
(
√
2γδ1 +
√
2(1− γ)δ2 +
√
2e3), α2 = −
√
2γδ1, α3 =
31
−
√
2(1− γ)δ2, where α = γ/(1− γ).
Positive even roots: α2, α3, θ = 2α1 + α2 + α3.
Positive odd roots: α1, α1 + α2, α1 + α3, α1 + α2 + α3.
6. F (4) (rank:4, h∨ = −3)
Simple roots: α1 =
1
2
(
√
3e1+δ1+δ2+δ3), α2 = −δ1, α3 = δ1−δ2, α4 = δ2−δ3.
Positive even roots: α2, α3, α4, α2+α3, α3+α4, 2α2+α3, α2+α3+α4,
2α2 + α3 + α4, 2α2 + 2α3 + α4, θ = 2α1 + 3α2 + 2α3 + α4.
Positive odd roots: α1, α1+α2, α1+α2+α3, α1+2α2+α3, α1+α2+α3+α4,
α1 + 2α2 + α3 + α4, α1 + 2α2 + 2α3 + α4, α1 + 3α2 + 2α3 + α4.
7. G(3) (rank:3, h∨ = 2)
Simple roots: α1 =
√
2
3
δ1 +
2e1−e2−e3
3
, α2 =
−e1+2e2−e3
3
, α3 = −e2 + e3.
Positive even roots: α2, α3, α2 + α3, 2α2 + α3, 3α2 + α3, 3α2 + 2α3, θ =
2α1 + 4α2 + 2α3.
Positive odd roots: α1, α1+α2, α1+α2+α3, α1+2α2+α3, α1+3α2+α3,
α1 + 3α2 + 2α3, α1 + 4α2 + 2α3.
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Table 1: Lie Superalgebras with an even subalgebra A1
g sdim rank h∨ g0 G
A(n|1) n2 − 2n (−2 for n = 1) n + 2 n− 1 An ⊕A1 ⊕ u(1) An ⊕ u(1)
B(n|1) (n− 1)(2n− 1) n + 1 3− 2n Bn ⊕A1 Bn
D(n|1) (n− 1)(2n− 3) n + 1 4− 2n Dn ⊕ A1 Dn
D(2|n) (n− 2)(2n− 3) n + 2 2n− 2 A1 ⊕ A1 ⊕ Cn A1 ⊕ Cn
D(2|1;α) 1 3 0 A1 ⊕ A1 ⊕ A1 A1 ⊕ A1
F (4) 8 4 −3 B3 ⊕ A1 B3
G(3) 3 3 2 G2 ⊕ A1 G2
B(1|n) (n− 1)(2n− 3) n + 1 2n− 1 A1 ⊕ Cn Cn
Table 2: Central charges for G extended superconformal algebras
g ctotal
A(n|1) 6k2+k(n2+3n−9)−n2−2n+3
k+n−1
B(n|1) (k+1)(4n2+4n−15−6k)
2(k+3−2n)
D(n|1) (k+1)(4n2−16−6k)
2(k+4−2n)
D(2|n) 6k2+k(2n2+3n−8)+4−4n2
k+2n−2
D(2|1;α) −3− 6k
F (4) 2(−2k
2+7k+9)
k−3
G(3) 9k
2+13k−2
2(k+2)
Table 3:
g Λ¯∗
A(n|1) (λ¯1 ⊕ ν), λ¯n ⊕ (−ν)
B(n|1) λ¯1
D(n|1) λ¯1
D(2|n) λ¯1(A1)⊕ λ¯1(Cn)
D(2|1;α) λ¯1(A1)⊕ λ¯1(A1)
F (4) λ¯2(= λ¯s) : spin representation of so(7)
G(3) λ¯1
37
